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A vectorstudyofthepartial-differentialequationof steady
linearizedsupersonicflowispresented.Generalexpressions,which
relatethevelocitypotentialinthestreamtotheconditionsonthe
disturbingsurfaces,arederived.In connectiontiththesegene~l
expressionstheconceptofthefinitepartofan integralisdiscussed.

A discussionofproblemsdealingwithplanarbodiesisgivenand
theconditionsforthesolutiontobe uniqueareinvestigated.

Problemsconcerningnonplanarsystemsareinvestigated,andmethods
arederivedforthesolutionof somesimplenonplanarbodies.Thesur-
facepressuredistribtiionandthedampinginrollarefoundforrolling
tailsconsistingoffour,six,andeightrectangularfinsfortheWch
numberrangewheretheregionofinterferencebetweenadjacentfins
doesnotaffectthefintips.

INTRODUCTION‘

Inthepresentationofthetheoryoftheflowofan idealized
incompressiblefluid,vectormethodscanbe usedto reducegreatlythe
mathematicalmanipulationsinvolved.Thestudyof steadylinearized
supersonicflowmayalsobe aidedby theuseofvectormethods.Two
typesofapproaches,however,canbe used.Perhapsthemoreobviousis
tomakeuseofcommonvectormethodsaswasdoneinreference1. The
othervectormethod,whichwaeintroducedbyRobinsoninreference2
andisusedinthispaper,appearstobe moresuitedtothestudyof
thelinearizedpartial-differentialequation,ofsteadysupersonicflow.
Thismethodallowsa derivationofa hyperbolicscalarpotentialanda
hyperbolicvectorpotentialalonglinesanalogoustothederivation
somettiesused(reference3, ch.VIII)in dealingwithcommonscalar
andvectorpotentials.

..— — ,— —. ——-—



2 NACATN 2641

Thepresentpaperpresentsa vectorderivationofmanygeneral
.

resultswhichhavebeenfoundby variousmethodsandaregiveninthe
publishedliteratureonthelinearizedpartial-differentialequation
of supersonicflowandalsopresentssomeresultswhicharenotfound

L’

intheliterature.ThegeneralresultsofHadamard(reference4,
p. 207),Fuckett(reference5),andHeasletandLomax(reference6)
arefoundas specialcasesofa generalexpressionfora scalarpoten-
tial,andtheresultsfoundbyRobinson(reference2)areobtainedby
thewe ofa vectorpotential.Thederivationofthescalarpotential
doubtlesslyhelpsto clarifytheconceptofthefinitepartofan
inte~l.

A discussionofproblemsdealingwithplanarbodiesinunersedina
supersonicflowisgiven,andtheconditionsnecessaryforthesolution
tobe uniqueareinvestigated.

Problemsdea13ngwithnonplanarsystemsarealsodiscussed,and
methodsarederivedforthesolutionof somesimpleproblemsdealing
withnonplanarbodies.Thesurfacepressuredistribution,thespan-
wiseloading,andthedampinginrollarefoundforrollingtailscon-
sistingoffour,six,andeightrectangularfinsfortheMachnumber
rangewheretheregionofinterferencebetweenadjacentfinsdoesnot

.-

effectthefintips.
.,

SYMBOLS

hyperbolicvectorpotential

aspectratiooftailfin

positiveconbtant

arbitraryconstants

chord

arbitraryvectorfunctions

scalarfunctiondefinedby

vectorfunctionassociated

vorticityvector

spanoftailfin

equation(19)

tithvectorfunctionF
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.

i)3)k unitvectorsinx-, y-,andz-directions,respectively

M Machnumber

ii unitvectornormalto elementofarea da

%
pressure-differencecoefficient

P rateofroll

Q functionusedinequationof surfaceof discontinuity

z partofvelocityvectorwhichismadeup ofhyperbolic
curlofvectorpotential

—1
q totalperturbationvelocity

R= ix - E)2- 192(y- q)2- f32(z- C)2

R’ smallconstant

r= /(x- E)2+ 13’7y- 11)2+ p4(z- C)2

s

so

‘~Ys2Ys3>s4~
S5,S6,T,T’

v

areaoftailfin

surfaceof discontinuity

surfacesof integration

free-streamvelocity.

volumesofintegration

1 J,
E

Cartesiancoordinates(x-axisparallelto free-stream
direction)

.——.-..-—-.— .— —.— ———..— —
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.

,
.-

‘k

‘,

.

(!T.E. T.E.
spanwisecirculation2 &dx=:

J
ACpdx

L.E. L.E. )
smallpositivequantity

Cartesiancoordinates(~-afisparallelto free-stream
direction)

.
polarcoordinates

scalarfunctions

givenvolume

directioncosinesofoutwardnormalto elementofarea da

directioncosinesofnormal(directedawayfrompoint
(XJY,’) ) ‘o Stiace so

directioncosinesofnormalto elementofarea da used
inequation(45)

slopeofdeflectedarea

areaofintegration

cl rolling-momentcoefficientperfin

r%

Olli

)

momentperfin

;P$$

indicatesintegrationoverclosedlineor surface

denotesfinitepartofintegral

— -—.—
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This
of steady

paperdealswith
supersonicflow.

THEORY

thelinearized
Thisequation

Thepotentialisassumedtobe
thepotentialisassumedtobe
tobe finiteandcontinuousin
requiringtheaerodynamiclift
linearizedpressure)of finite
-pressurein-
direction.
obtainedby
nentsabove

partial-differentialequation
isgivenby

+dw+$zz=o (1)

continuousinthestreamdirection,and
alwaysfinite.Assumingthepotential
thestreamdirectionhastheeffectof
andmoment(calculatedby useof the ,
bodiestobe finitesincethelinearized

relatedtothederivativeofthepotentialinthestream
Theexpression“linearizedpressure”referstothepressure
neglectingallpowersoftheperturbation-velocitycompo-
thefirst.

VectorOperatorsandIdentities

Certainoperators,whicharecloselyassociatedwiththelinearized
hyperbolicpartial-differentialequationof supersonicflow(thetwo-
dimensionalwaveequation),areaddeCLtothevectoroperatorscommonly
used.Thebasicoperatorshavebeenusedpreviouslyinreferences2
and7.

Thegradientoperatoris definedby

Theanalogoushyperbolicgradientoperatordefinedby Robinsonin
reference2 maybe expressedas

Thehyperbolicdivergenceofanarbitraryvector~ isgf.venby

Similarly,thehyperboliccurlofthevector~ isgivenby

_— -——-—
.— ————— .——— - -.
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Thedivergenceofthegradientoperator

v&”v=~+
ax2

NACATN *641

is sometxbnesdenotedby

Theanslogousdivergenceofthehyperbolicgradient
MY

operatoris denoted

.

Thefollowingidentitiesareneeded.Let ~ be a vectorand W and A
be scalarfunctionsof x, y, and z. Then,

V~”VA=VAO~ (*a]

v“ @=~f7.~+~.~ (2b)

vx(vx E)=v(v”i7) -v% (*C) .

V“(VXE)=O (2d)

“ VhW*VA=VhA

Vh.$~=~h.~+

Vx (Vhx~) =Vh(v .

VhX(Vx~)=V(T7h”

Vh ● (’hX ~)

Theseidentitiescanbe provedby direct

“v+ (*e) ‘
~ ● Vhv (*f)

E) -v2h?3 (*g)

E) -V*M- (2h)

= o (*i)

expansion.

Thedivergencetheoremmaybe expressedas

where ii isthenormal
vector= isexpressed

$E“ ii da=JV=~dv (3)

unitvectortotheelementof area da. The
mathematicallyas

n= ivl+ JV2+ lW3

_. —______ .— . .._ .—. . ——. ———. ..—
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where VIY V2,and ‘3
normslto theelementof

7

arethedirectioncosinesoftheoutwarddrawn
area da.

A theoremmoregeneralthanthedivergencetheoremisgivenby
(thistheoremfollows

wherethesubscripts
tor ~, and Cl, C2,

C1=C2= C3
=1 the

frcmtheresultsofreference8,p. 87).

x, y, and z referto componentsofthevec-
and C3 aresrbitraryconstants.Notethatif
precefingequationreducesto equation(3). If

c1=-~2
C2 = C3=1

theprecedingequationreducesto

$( ) J( )
p~x ~ ~z

-~2Wx+Wy+%~= -p w+~+wdv

or

(4)

where

~ = -iB%l+ JV2+ kv3

Ifthedivergencetheoremasexpressedbyequation(3)isapplied
to a volumethroughoutwhich

V.g=o ,

‘ thenthesurfaceintegralovertheboundingsurfaceis

.
$ .E“ zida=o

—— .. .. ..-— ——— — -—— .—.—————- ——-——



8 NACATN 2641

protidedthatno surfacesexistinsidethevolumeof
whichthenormalcomponentof ~ isdiscontinuous.
equation(4)is appliedtoa volumethroughoutwhich

integrationacross b
Smlml.y, if

,,.

VII”E=O
thenthesurfaceintegralovertheboundingsurfaceis

providedthat
acrosswhich
however~that
whichE .Ii

theresreno surfacesinsidethevolumeofintegration
E“ ~ isdiscontinuous..It isinterestingto note,
surfacesexistinsidethevolumeof integrationacross
canbe discontinuousWhile atthesamethe ~ ● fih

remainscontinuous.Itfollowsthatforsucha surfaceE and‘iik
mustsatisfytherelation

Let Q(x,y,z)= O be the

Then,

z

and

Yih

fi”%=o
equationof sucha

. .

(5)

surface.

VQ

1=
I VhQn n n

wherethesubscriptsindicatedifferentation.Substitutingthe
precedingexpressionsfor = and fih intO eqUa_biOII (5) yields

-~2@)2+(2)2+(92=0

“

.

(6) ‘

Anysolutionof equation(~)setequalto zeroistheequation_ofa
surfaceacrosswhichV .E maybe discontinuouswhileVh ● E remains
continuous.ThefactthattheMachconefromanyarbitrarypointsatis- “
fiesequation(6) canbe easilyverified.Theequationoftheenvelope

.—. .



2Y NACATN 2641

oftheMachconesfromansrbitrsrylinealsosatisfieseauation(6)

,,..

.

(reference9,p. I-06).

FinitePartof

inSteady

IntegralsWhich

SupersonicFlow

. .

Arise

In-thefollowingsectionsuseismadeoftheconceptofthefinite
partof aninfiniteintegral.ThisconceptwasintroducedbyHadamard
(reference4)andhasbeenusedby a numberofotherinvestigators.
Thefinitepartis,however,sometxbnesconfusing.Thissectionwas
thereforeincludedinanattemptto givea realisticpictureofthe
finite-partconcept.andalsotopresentthefirststepsofthederiva-
tionofthescalarandvectorpotentials.

Theconceptofthefinitepartofdoubleintegralsasdefinedby
Hadamsrdandusedinthispaperisdifferentfromtheconceptofthe
finitepartofdoubleintegralsasdefinedinreference10. Theessen-
tialdifferencebetweenthesetwodefinitionsliesinthemannerin
whichthesingularpointsalongtheMachconearetreated.

Inreference3,page183,a vectorfunctionisusedinthederiva-
tionofthecommonscalarandvectorpotentials.Theanalogousvector
functionbasedon equation(1)is

where

R= I(x- ?)2- 132(Y- ~)2 -.f32(z- ~j2

Thehyperbolicdivergenceofvector= withrespecttovariables
g, q, and ~ is givenby

Theprecedingequationindicatesthatthehyperbolicdivergenceofthe
vector~ setequal.to zeroyieldsthepartial-differentialequation
oflinearizedsupersonicflow.A mathematic&lderivationof V canbe
obtained;however,forthepurposesofthispapersucha derivationis
notneeded.

>!

——..— .. ——— —. —.. —..— — _. .—



\

10

Theremit ofapplyingequation(4)tothevector

NACATN z!641

F is .

(7) “

When @ satisfiesequation(1)throughoutthevolumeofintegration,
therightsideof equation(7)is zero;thus,

when

(8)

E~atiOn(7)isappliedto a volume(denotedby Vo)enclosedin
theforwardMachconefromthepoint(x,y,z). Thisvolumeisbounded
by thesurfacegivenby R = R‘,where R‘ isa smallconstant,andan
srbitrarysurfaceS1 enclosedintheforwardMachconefromthepoint
(X,y,z). A crosssectionoftheregionofinte~ationis showninfig-
ure1. Notethatthisregionisanalogousto theregionthatis some-
timeswed in calculatingthepotentialfunctionsatisfyingLaplace~s
equation(reference3,pp.151-153).Forregionssuchastheoneshown
infigure1,equation(7)maybewrittenas

where T representstheareaof

Theintegraloverthearea

integrationwhen

T maybe reduced

R= R’.

to

where r isgivenby
,

5)2+ B4(y- q)2+ pk(z- {)2

(lo)

.

—. ..— — —.. —..——
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SinceR‘ isa constant,equation(10)canbewrittenas

I-1

.

(11)

Equation(9) cannowbe writtenas

(12)

If @ isrequiredto satis~thelinearizedpartial-differential
equationof steadysupersonicflow,then

V2h#= O

andequation(12)reducesto

(13)

If R’ ismadesmsllerandsmsllertheintegrandoftheintegralover
thearea T inequation(13)remainsfiniteexceptonthesmallsrea
closetothepoint(x,y,z).In anticipationoftaldngthelimitof
equation(13)as
point(x,y,z)is
intotwopats.
surfacegivenby

R’ approacheszero,thesmallarea
removedfromthesrea T. Thearea
Onepartisthesreaof T whichis

, E=X-c

where 6 is smallbutlsrgerthan R’. This
Theremainingpartof T (denotedbyT1)is
upstresmofthesurface

~=x-c

sreais

closeto the
T iS divided
downstreamof

denotedby T.

the

the.sreaof T whichis

A crosssectionoftheregionofintegrationwith T dividedinto T
and T’ is showninfigure2. Equation(13)can’nowbe expressedas

,,

●

— — ——— — —— ——- — .—— ____ .—. —
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.

(14)

whereR‘ is smallerthan c.

Since @ is continuousandthereforeitsvaluesover T are
approxhatelyconstantforsmellvaluesof 6, theintegraloverthe
areaT canbe writtenas

Whenthesecondintegralof expression(15)isintegrated,equation(14)
becomes .

If R’ ismadeto approachzero,e~tion (16)applies
limitwhereR‘ is zero.

Thelimitofequation(16)as R‘ approacheszero
as

‘.

(16)

eventothe

mayhewritten

Theintegrandsof theintegralsoverthesreasT and T‘ me always
finiteandit canbe shownthattheirfirstderivativeswithrespect
to R’ approachzeroas R‘ approacheszero;thereforey theproduct,

.

__. _—— .—.
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.

of l/R’ andtheseintegralseitherapproacheszeroinatleastthe
orderof R’ or approachesinfinityas R’ approache6zero.Thusit
followsthattheintegralsoverthesreas T and T’ havenofinite
termsremainingtiterthelimit(R’-0) hasbeentaken.Thesumof
thetermsofequat~on(17)mustbe zero;thusthesingularities
resultingfromtheintegralsovertheareasT and T’ mustcancel
thesingularitieswhichwise fromtheintegraloverthesrea S1.

Fr~mtheprecedingconsiderationsit followsthatonemethodof
evaluatingthefi’nitepartof infiniteintegralsofthetypeappearing
inequation(17)isto evaluatetheinte~slwhen R’ is smallbutnot
zeroandneglectthetermsmultipliedbylowersof l/R‘. Otherinfinite
integralssometimesarise,however,forwhichthefinitepartcannotbe
obtainedby neglectingpowersof l/R‘. Forexample,ifequation(17)
is differentiatedwithrespectto oneofthevariables(x, y, or z)
anequationcontainingthevelocitycomponentisobtained.In some
cases,whenthepoint(x,y,z)liesonthesurfaceS1 theinfinite
termssreoftheorder (lnR’)/R’andof theorders(l/R’)n.In these
cases,thefinitepartoftheinfiniteinte~al.scanbe obtainedby
evaluatingtheintegralswhen R’ is smallandneglectingtheterms
multipliedbypowersof l/Rr and (InR’)/R’.

Theprocessofremovingtheinfinitepartsofan integral,however,
hasbeenderivedbyHadamard(referencek,bookIII,ch.I). Hadamard
usedhismethodsof evaluatingthefinitepartof integralsinfinding
solutionsto certainhyperbolicequationsincludingthelinearizedequa-
tionof steadysupersonicflow.Perhapsa factworthnotingisthat
theintegralsofequation(17)sredoubleintegralsandwhenthemethods
givenbyHadamardsreusedthemethodsgivenformultipleintegrals
shouldbe used. In thepast,thesi

v &
=2pointspointsontheMach

conewherethederivativeof (x- ?.)- P (Y- q) - ~2(z- ~)2 ~th
respecttothevariableofintegrationiszero)havecausedsomecon-
fusion;asHadamardpointsout(reference4,p. 147),thesesingulsr
pointsmustbe removedfromtheareaof integration%eforethefinite
partistaken.Particularattentionshoul.dbegiventoparagraph92
ofreference4 sincethespecialtypeofintegralsdiscussedtherein
sometimesarisesindealingwithplanarproblems.

Robinson(reference2)hasshownthatw& usingHadamard’smethods
theorderof integrationmaybe changedwithoutaffectingthefinite
partandthatit ispermissibleto differentiateundertheintegrsl
signofa multipleintegralwithoutconsideringthevsriablelimits

. whichliealongtheboundarywheretheintegrandis Singulsrjprovided
thatonlythefinitepartistaken.BothHadamardandRobinsonhave
shownthatin differentiatingan improperintegralwhichhasan integrand
thathasa one-halfpowersingularityslongvariablelimitsthevariable
limitsmaybe neglectedprovidedthefinitepartoftheresulting
integralistaken.

. ..— .—— . ..— . —— -- ——
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Theterm“finitepart”issomewhatmisleadingsincethefinite
partof anintegralcanbe infinite.In certaincasestheintegral
isinfiniteevenafterthetermswhichapproachinfinimas R‘
approacheszerohavebeenneglected.

Scalsr

Theprecedingargumentsshow
canbe equatedto zero;thus,

fp ,.

Potential

thatthefinitepartsofequation(17)

wherethesymbolf beforetheinte~aldenotesthatonlythefinite
partistobe taken.Theprecedingequationmaybe solvedforthevslue
ofthepotentislatthepoint(x,yjz);theresultofthisoperationis
givenby

(18)

It shouldbe rememberedthatsurfacescanexistinsidetheforwsrdMach

conefromthepoint(XjyjZ)acrosswhich;V$-$V; canbe discon-
tinuousandacrosswhich

(
;V$-jh;).‘Yiremainscontinuous.

E~tion (18)isanexpressionforthescalarpotentialatthe
point(x,Y,z)intermsofthepotentialanditsderivativeswithrespect
to fi~onthesurfaces~. A moregeneralexpressionforthescalar
potentialthanthat@ven by equation(18)canbe obtained.Ifwithin
thevolumeenclosedby theforwardMach conefromthepoint(x,y,z)and
thesurfaceS1 equation(1)isnotsatisfiedand V2h opefiating
upon @ yields

/

V%@(E,q,~=f(E,q, c)

thenequation(10)becomes

(19)

.

.

, (20)
+

———-— .. —— -.—
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Providedthat f(g,~,~)isalwaysfinite,therightsideofequation(20)
isfinite;furthermore,therightsideof equation(20)remainsfinite
as R’ approacheszero.If inequation(20)R’ ismadeto approach
zeroandonlythefinitepsrtsoftheintegralsareretained,thenthe
resultingexpressionis

where VI representsthevolumeV. when R‘ isequalto zero.Eqya-
tion(21)isequation(58)ofreference4 where ~2 hasbeensetequal
to one. Notethatthevolumeintegralinequation(21)hastheappear-
anceoftheintegral.forthepotentialresultingfroma volumedistribu-
tionof sourcesinan incompressibleflow.

Theassumptionhasbeenmadethat @ is continuousthroughoutthe
volume~. It isalsoassumedthatno surfacesexistinside~
acrosswhich a@/~h isdiscontinuous.Ifequation(21)isappliedto
a volumev

h
,whichhassurfacesacrosswhich @ and/orthederivative

of # int e directionof ‘Tf isdiscontinuous,thesesurfacesof dis-
continui~canbe removedfromthevolumeof integrationby allowingthe
arbitrsrysurfaceS1 toenveloFthem(seefig.3). Forvolumesof
integrationwherethesurfacesof discontinuityhavebeenremovedin
thismanner,thescalarpotentialcanbewrittenas

(22)

where S0 denotesthesurfaceof discontinuity,and A@ isthepoten-
tialdifferenceacrossthesurface~. Thenotationafinh’isused—
to denotetheoperator ~

Forthecaseswhere
volumev~ and # and

tion(22)reducesto

no surfaceofdiscontinuity
V@ arezeroonthesurface

etistsinsidethe

‘1 - ‘o‘‘wa-

1

-.-.—-.—.-—.———— —. — —. —... —— —.
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l?romequation(19)

v2h@(x,Y,z)=

Notethatequation(23)isa solution
equation(24).

f(xyYYz)

ofthepartial-differential

(23)

(24)

Formostproblemsinlinearizedsupersonicflow,f(~jq,~)iszero
and @ iszeroupstreamofthedisturbingbody. Forsuchproblems,the
surfaceS1-so canbe takentobe locatedupstreamofthedisturbing
bodywhere @ and V@ arezero.Inthiscase,equation(22)reduces
to

(25)

IfthesurfaceS0 is confinedtothe ~ = O plane,equation(25)
.

reducesto equation(10)ofreference6. Inthisreferencetheboundary
conditionsforairfoilsarediscussed.

ComponentsofVectorField

Let ~ be a vectorwhichisfiniteandintegrableina given
volume(denotedby h)andis zerooutsidethevolumeh. To each
pointinthevolumeassociatethevector

(26)

whereT*
Machcone

From
satisfies

wherethe

denotesthepartofthevolumeh enclosedintheforward
fromthepoint

equations(24)
therelation

(X,y,z). ,

and(26), it followsthateachcomponentof ~

v2hGi(XjyjZ)= ‘2mi(x>Yjz) (27)

subscripti refersto anycomponentofthevectorfield. .

——. —... —. —— - .—.—
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Let lfo(x,Y,z) be a scalarand ~(x,y,z)%e a vectordefinedby
theequations

and

(29)

vhx(vxG)=v(vh”F). V%i7 (30)

Substitutingtheexpressionsfor V x ~, Vh ● ~, and V2h~ as given
by equations~~), (28), and(29),respectively,intoequation(30)and
solvingfor F yields

7?(X,Y,Z)= -W-O(X,Y,Z)+mxm,yjz) (31)

.. Since~ isanarbitraryvector,equation(31)indicatesthatany
finiteintegrablevectorfieldcanbe expressedintermsofthegradient
ofa scalarandthehyperboliccurlofa vector.Equation(31)hasthe
appearanceofth~Helmholtztheorem(reference3,p. 187);however,
since *O and A arefoundbyintegrationonlyintheforwardMach
conefromthepoint(x,y,z),equation(31)herdlyseemstobe a state-~
mentoftheHelmholtztheoremasis conmodygiven.Theresultgiven
by equation(31)wasobtainedbyRobinsoninreference2.

HyperbolicVectorPotential

Equation(31)indicatesthattheperturbationvelocityvectorcan
be dividedintotwoparts.Onepartisthegradientof a scalarfunc-
tion,andtheotheristhehyperboliccurlof a vectorfunction.The
vectorfunctionisanalogousto thecommonvectorpotential(reference3,
pp.104and188);therefore,thevectorfunctionisreferredto asthe
hyperbolicvectorpotential.Thus,if a’ isthetotalperturbation
velocityvector,then

!

____ . ....——__—.-_— ——
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where @ isthescalarpotentialand ~ isthehyperbolicvector
.

potential.Thepartoftheveloci~vectorwhichismadeup ofthe
~erbolic curlofthevectorpotentialisdenotedby~.

By directexpansionit

Vh .~’ =Vh. V@+Vh-.

canbe shownthat

(Vhx~=V2h@ +Vh-(Vhx~)=0 (33)

Equation(33)indicatesthatthehyperbolicdivergenceoftheperturba-
tionveloci~vectoris zero.

Thevortici~vectorisgivenby

E =vx~

Therefore,fromequation(32),

or

Fromequations
vectorpotentialis

Eachcomponent

ii=vx(vhxz)

E=vh(v”x)-v%x

(2d)and(29),thedivergenceofthehyperbolic
zero;thti,

E= -V%iI
ofequation(35)isa

(34)

partial-differential

(35)

equation
oftheformofequation(24);thus,fromequation(23)eachcomponent
ofequation(35)hasa solutiongivenby

1J Hi(EYwc) dv
Ai(X,Y,Z)= ~ R

V1
(36)

wherethesubscripti refersto anycomponentofthevectorE. Since
eachcomponentof ~ isgivenby equation(36)>t~n .

1Ii(x,y,z)= ~ JVI
Theveloci~vectorresultingfromthe
thereforegivenby

.

,.

hyperbolicvectorpotentialis
.

.

I

— —.— .
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(38)

or

(39a)

(3%)

wherethesubscriptsrefer
resultsgivenby equations

L

to thecomponentsofthevector~. The
(39)wereobtainedbyRobinsoninreference2.

..

VortexSheets

Ifthevorticityisconfinedto a surfaceS2,equation(37)
becomes

I(xjy,z)+ J’mLll,Q&

S2 R (40)

Equation(40)is anexpressionforthehyperbolicvectorpotential
resultingfroma surfaceofVorticity.Notethatifthevorticityis
zeroexceptonthesurfaceS2,thenequation(35)reducesto

v%i=o

Byremovingthesurface’S2 fromthevolumeofintegrationeachcom-
ponentof ~ canbeexpressedas (fromequation(25))

(41)

I

-—— — ~ .— ———
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where
Since

thesubscript
eachcomponent

NACATN 2641

i refersto anycomponentofthevector~.
.

of I

1
K(x,y,z) = ~

Notethatif M– iszero,

iegiven-bye-@ation(41),then

e~ation(42)reducesto

ii(x,y,z)= &J 1 m
+q~

S2

By compsringequations(~) and(43)it followsthat,onthesurfaceS2,

(42)

(43)

(44)

Equation(~) indicatesthatacrossa surfaceofvorticitythe
derivativeofthehyperbolicvectorpotentialinthedirectionof fib’
is discontinuous.Thus,a liftingsurfacecanberepresentedby a
continuoushyperbolicvectorpotential,whileit canbe shownthata
thiclmesseffectcanberepresentedby a discontinuoushyperbolic
vectorpotentisl.Notethecontrastwiththescalarpotential,which
usesa continuouspotentialtorepresenta thicknesseffectanda dis-
continuouspotentisltorepresenta liftingsurface.

FurtherDevelopmentofScalsrPotential

Thescalsrpotentialcanbeexpressedin formsotherthanthose
Klreadypresented.Eqmtion(8)is appliedtotheregionboundedby
thearbitrarysurfaceS1,theforwardMachconefromthepoint(x,y,z),
anda secondarbitrarysurfaceS3 enclosedintheforwardMachcone
fromthepoint(x,y,z)andupstreamofthesurface”S1. A crosssection
of sucha regionis showninfigure4. Theresultof applyingequa-
tion(8)tothisregionis

providedthat $’ is a solutionofequation(l).Notethatthescalsr
potentialasgivenbyequation” isindependentof ~’ sothat @’
is arbitrarysolongasit satisfiesequation(1)throughouttheproper
volume.

.

.
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If fora finitedistanceupstream~’ iszeroandremainszero
for~eater&Lstancesupstream,thesurfaceS3 maybe choseninthis
regionsothattheintegralover S3 inequation(45)is zero;thus,

(46)

Equations(18)and(46)canbe combinedtoyield

atthispointarethatit satisfyTheonlyrestrictionsplacedon @’
equation(1)andbe zeroata finitedistanceupstream.Inmanycases

#’ maybe chosensothat ~-~ or @ -@’ is zero;therefore,
%

inthesecases,@ canbeexpressedae

or

#(x,Y,z)‘-&fJ(@-@’)#--da
S1

(48a)

(Mb)

Equations(48)arequiteuseful;however,rememberthattheyapplyonly
when @’ canbe chosensothat @’ doesnotviolateanyofits
restrictions.

‘Notethatequations(48)canbeappliedtoproblemswhereeither@
or ~/&h isgivenon thesurfaceSI. Theapplicationofthese
equationstomostnonplanarproblemsofeithertype,however,leadto
quiteunwieldyintegralequations.

———... —. ———. —— .—— _. .—— —.—. —-
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APPIJCATIONS

PlanarProblems

Manyproblemsinlinearizedsupersonicflowdealwiththesurface
ofdiscontinuiwconfinedto a planesurfacepsralleltothex-axis.
Inthissectiona generalM.scussionofthistypeofproblemisgiven.
Thecoordinatesarelocatedsothatthesurfaceofdiscontinuityis in
the [= O plane.

Thescalarpotentialatan arbitrarypoint(X,yjZ)abovethe
{=0 planeis (fromequation(47))

(49)

Inthiscase,thesurfaceS1 isthe ( = O plane.

If @’(x,y,O)ischosenequalto @(x,yjO)thepotentialbecomes
symmetric-withrespectto the [ = O plane.Thus,for z = a

and

Forthiscase,equation

f$(x,y,a)=@’(x,y,-a)

#z(xjy,a) = -@z’(x,y,-a)

(49)reducesto

Equation(x) was

Jdz(bl,o)O(w,z)=-: d~ dq
S.’R

-1.

givenbypuckettinreference5.

If @’(x,y,o) ischosenequalto -@(x,y,O)thepotentisl
becomesantisymnetricwithrespecttothe C = O plane.Inthis

@(x,y,a)= 4’ (x,Y, -a)

and

@z(x,y,a)= #z’(x,y,-a)

.

.

(50)

case,

.

,,
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Thus,equation(49) is”reducedto

.,

@(x,Y,z)= .!y-fl?&#&Eq (51)

NotethatforsurfaceS1 notconfinedto a planeparalleltothe
x-axis,a choiceof @’(x,y,z)atthesurfaceS1 to equel @(x,y,z)

#-
a (X,y,z)at S1 doesnotcause atthesurfaceS1 to equsl

-a ‘ (X,y,z)
#-

nh

nh* at S1. Si&ilarly,choosing@’(x,y,z)atthesurface
S1 eqti to -@(X,YjZ)at S~ doesnotcause an~+(x~y~z)at S1 to

+

+
eqti b (xyy~z)at S1.

n

Providedthediscontinuitiesarerestrictedtothe L = O plane,
thescaldpotentislcanalsobeexpressedasfollows(fromequation(18)):

(52)

forpositivez. A comparisonof equations(50)and(51)withequa-
tion(52)showsthatthetwotermsoftheintegrandofequation(52).
contributeequslsmountsto thepotentialatam point(x,Y,z).

Sincethetermsof theintegrandofequation(52)contributeequal
smountsto thepotentialatthepoint(x,y,z)as z approacheszero,
equation(52)mustreduceto#

Theprecedingequationcanalsobe obtainedbyexaminingtheMmit of
equation(52) as z approacheszero. Ifthisprocedureis donethe
entirecontributionofthesecondtermoftheintegrandofequation(52)
isfoundto comefromthepointattheapexofthehyperbolaformed~
theintersectionof theMachconefromthepoint(x,Y,z)andthe
E = O plane.Notethatiftheintegrationisperformedfirstwith
respectto q then,wheqthemethodsofHadamardsreused,thepoint
attheapexofthehyperbolais a singulsrpointandmustberemoved
fromtheareaofintegrationby a processsuchasisgiveninrefer-
ence4,page147.

—.-. .—.—.—-—-—— -—— —.———-.—- .—-—— -—-—— —- —————
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If @z isprescribedoverthe [ = O plane,thenthepotential .
is givenuniquelyby equation(SO).Similsrly,ifthepotentialis
prescribedoverthe ~ = O plane,thenthederivativeof @ with
respectto z is determinedoverthe z = O plane.Thisresultfol-
lowsfromequation(51)sinceprescribing@ overthe z = O plane
determinesthepotentialsinthespaceabovethe z = O plane;there-
fore,.italsodetermines@z inthespaceabovethe z = O planeand
thelimitof @z as z approacheszerofromthepositivedirection.

Thequestionthatsrisesiswhether@(x,y,z)isuniquelydeter-
minedinthespaceabovethe z = O planeif @ isprescribedover
certainsreasofthe z = O planeand @z isprescribedoverthe
remainingareas.Iftheassumptionismadethat @ isnotdetermined
uniquely,thenatleasttwopotentislfunctionssatisfythecondition
thateither@ or @z isprescribedinallregionsonthe z = O plane
andthat @ is identicallyzeroupstreamofa givenpoint.Let $1
and $2 denotetwopotentislfunctionswhichsatisfythesameboundary
conditions,andlet @o denotethepotentialfunctionformedby taking
thedifferencebetween@l and @2. Mathematically,thepotential
function@o isgivenby

@J%Y,4 = @Jx,Y,z)- !iJ%Y,a (5’3) “

Since@l and @2 havethesamevaluesin certainregionsinthe
z . 0 planethen j$ iszerointheseregions.Similarly,since
aji@z and af@z havetheS- valuesintheremainingregionsof
the z = O plane,then

k
a@. z is zerointheseremainingregions.

Thepotentialfunction@o s theboundaryconditionsthateither@o
or ~~z iszeroinallregionsofthe z .0 planeandthat do is
identicallyzeroupstresmofa givenpoint.

Considerthecasewherealltheboundariesbetweentheregionsare
supersonic.(Theslopeoftheboundariesaresuchthatthecomponent
ofthefreestresmperpendiculartotheboundaryis alwayssupersonic.)
Thepotentislfunction@o canbeevaluatedby useofequations(~)
and(51)forpointsinareaswhicharefsrenoughupstreamtobe affected
onlyby a regionwhere @ or @z isprescribed.Forallpointsin
thesesreas@o is zeroas indicatedby equations(~) or (51).It
followsfromeqyations(~) and(51)that do isslsozeroinsidethe
volumeabovethe z = O plane,whichisaffectedby theseareasalone.
Thus,thevolumewhere do isidenticallyzerohasbeenmoveddownstream.
Thesamesrgumentcanberepeateduntilthecompletez . 0 planehas
beencovered.Theprecedingargumentscannotbe appliedto caseswhere
theregionshavesubsonicboun~ies;however,ifitispermissibleto
distorttheboundarieswithina stripofinfinitestmslwidththesesub-
sonicedgescanbe convertedintosupersonicedgesby replacingevery
elementofthesubsonicboundariesby a brokenlinemadeup of supersonic
se~ents.Sucha procedureisillustratedinfigure5. Ifthe

.
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assumptionis
infinitesimal

madethatthesubsonicboundariesmaybe distortedan
smount,then $0 is zerooverthe z = O planeandalso

inthespaceabovethe z = 0“plane.Equation(53)nowreducesto

@l(%Y,z)=@2(xjYjz)

Since @l and @2 areanytwopotential.functionswiththesamevalues
in certainregionsofthe z = O planeandwiththesamepartialderiva-
tiveswithrespectto z intheremainingregions,proof*S beengiven
thatonlyonepotentialfunctionexistsforwhichthepotentialis
prescribedovercertainareasinthe z = O planeandthepartial
derivativewithrespectto z isprescribedovertheremainingareas.

Theboundaryconditionsfora zero-thictiessliftingairfoilwith
a givenlocalangle-of-attackdistributionarenotofthetypediscussed
intheprecedingparagraph.Theconditionsprescribedinthe z = O plane
forthistypeofproblaare: Thepotentialfunction@ isidentically
zeroupstresmoftheairfoil;@(x,y,.0)is zeroexceptontheplanform
orinthewake;thepartialderivativeofthepotentialwithrespect
to z, @z,isgivenontheplatform;and @x(x,y,O)iszerointhe
wake. Theprecedingboundaryconditionsdonotspecifythat @ or @z
beprescribedinallregionsonthe z = O planesincenot @ but @x
isgiveninthewake. Forairfoilswhichhavetrailingedgeswhichare

-“ alwayssupersonic,therequirementthat @ be continuousinthestream
directionnecessitatesthepotentislinthewaketo havethevalueof
thepctentialatthetrailingedgeoftheairfoil.Inthiscase,the
potential.functionisuniquelydetermined.Forairfoilswhichhavesub-
sonictrailingedgestheKutta-Joukowskiconditionisgenerallyapplied
tothetrailingedgesto determine@ uniquely.Iftheassumptionis
madethatthetrailingedgecanbe distortedwithina stripofinfini-
tesimalwidth,thentherequirementthat @ be continuousinthestresm
&rectioncanbeusedtodetermine@ uniquely.Iftheassumptionis
madethatthesubsonictrailingedgeis distortedwithintheinfini-
tesimalstripsothateachse~nt ofeachlineelementofthetrailing
edgeisalwayssupersonic(seefig.(6)),then @ is determined
uniquely.It iswell-tiownthatforatifoilswithsubsonictrailing
edgesthereareaninfinitenuder of solutionswhichsatisfythe
boundaryconditionsas statedatthebeginningofthisparagraph.The
precedingargumentshoweverprovethatthereisbutonesolutionforan
airfoilwhichhashaditssubsonicedgesreplacedbybrokenlineswhich
arealwayssupersonic.Notethatithasnotbeenprovedthatthesolu-
tionobtainedby distortingthesubsonictrailingedgescorrespondsto
thesolutionsatisfyingtheKutta-Joukowskicondition,norhasitbeen
provedthatthesolutionofthedistortedtrailingedgeisindependent
ofthemannerofdistortion.

I
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NonplanarProblems

Thescalarpotentialresultingfromthedisturbancescausedby a
nonplanarbodycanbe foundfromequation(18)providedthatboth @
and ~/&h are-own on somesurfaceS1. Unfortunately,6 and
~finh srenotgenerallyknownona surfacewhichfillstherequirement
ofthesurfaceS1;therefore,equation(I-8)appe~sto~~e little
valueinthecalculationofthepotentislfunctionsfornonplanarsystems
ingeneral.Certainpropertiesofequation(18)are,however,worth
investigating.

Theproblaofevaluatingthepotentialontheuppersurfacesofa
longrectangularbodyisdiscussed.Theassumptionismadethatthe
bodyextendsupstreamto infinityandthatthesidesme paralleltothe
free-streamdirectionexceptforsmalllocal.variationswhichcause
smalldisturbancesinthestream.Figure7(a)showstheforwardMacLcone
froma pointontheuppersurfaceof sucha rectangularbody. Thisfig-
ureslsoshowsthatthereisa certainpartofthesurfaceoftherec-
tangularbodyintheforwardMachconefromthepoint(x,Y,z)thatcan-
notpossiblyaffectthepotential-atthepoint(x,Y,z).Ifthesurface
S1 inequation(18)istakentobe thesurfaceoftherectangularbody,
theneqyation(18)indicatesthatthevaluesof @ and a@/&h inthe
regionwhichcannotpossiblyaffectthepotentialatthepoint(x,y,z)
shouldbe usedin evaluatingthepotentialatthepoint(X,yjZ).The
onlypossibleexplanationofthisconsiderationisthattheintegral
of @ and ~/~~ causedby thedisturbancesinthe“blindspot”add
to zero.Thisconsiderationcanbe shownmathematicallyasfollows.
Let v~ denotethepotentialfunctionresultingfromthedisturbances
insidetheblindspot.lhwmequation(46),itfollowbthat

(54)

Equation(54)indicatesthatthepotentialatthepoint(x,y,z)canbe
evaluatedby applyingequation(18)tothesurfaceoftherectangular
bodyregardlessoftheblindspots.Thesameargumentholdsforother
bodieswithblindspots.

Theprecedingargumentscanbe clarifiedbya simpleillustration
oftheaffectofa blindspot.Consideran infiniterectangularbody
suchas showninfigure7 wheretheonlydisturbancesarecausedby a
smalldeflectedsreawitha constantslope u withrespecttothefree-
stresmdirectionlocatedonthelowersufaceoft~ boW. Theleading
edgeofthedeflectedareaischosenperpendicularto thefree-stream
directionsothatthepotentialintheregionnotaffectedby the
verticalsidesis ofa two-dimensionalnature.Figure7(b)illustrates
sucha disturbingsurface.

.
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Thedisturbancepotentialinthetwo-dimensionalregionis given
by

wherethelower
leadingedgeof

A pointon

cwLx- x2+p(z - Z2)J
@(x,z)=

B

surfaceofthebodyliesinthe z = Z2 planeandthe
thedeflectedareais inthe x = ~ plane.

theuppersurfacewhichhasonlythetwo-tiensionsl
flowin itsforwardMachconeisillustratedin figure7(c).Thedis-
turbancepotentialforthispointis (fromequation(18))givenby

J[@(%Y,z) =&fg+
1

p%v(g - XJ(z - Z2)
d~ dqR3

Uponperformingtheindicatedintegrationstheprecedingexpression
becomes

[
d7x-x2-

@(x,Y,z)= -
1p(z- Z2)

2p +

whichreducesto

O’v[x-q - B(Z - 22)]

2@

@(x,Y,z)= o

Thisresultisa demonstrationthatthedisturbances
motcontributetothepotential.

inblindspotsdo

Thescalarpotentialresultingfromthedisturbanceproducedbya
nonplanarbodycanalsobe obtainedbyuseofequations(47)and(k8)
providedthatthenecessaryvaluesof @j a@/anh,@‘,and ~ ‘/anh
sreknown.Indealingwithplanarbodies@’ couldbe chosensothat

jj_$jf=o

andthusequation(47)isreducedto equation(W). Similm?ly,$’
couldalsobe chosensothat

andthusequation
nonplanarbodies,

(47) isreducedto equation(51).Unfortunatelyjfor
choosing~’ equalto @ doesnotmake a@‘/anh*

.

I
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knownaswasthecaseforylansrproblemsand,similarly,choosing
.

~’/anh* equalto -a@finhdoesnotmake $’ known.Certainproblems,
existinwhich 61 canbe-
integral.

chosensothat ~ canbe writtenas a simple

IntersectingPlanes

Manyproblemsconcerningnonplanarbodiesdealwithdisturbances
producedby twointersectingplanesparallelto thefree-streamdirec-
tion. Inthissection,methodsof solutfonsfortwoplanesintersecting
atvariousanglesaregiven.Thecomponentofvelocitynormalto the
surfaceisassumedtobe known.

Perhapsthesimplestcaseoftwointersectingplanesoccurswhen
theplanesintersectatrightangles.It isdesiredto findthepoten-
tialin spaceresultingfromthedisturbancesproducedbythetwointer-
sectingplanes.Thistypeofproblemcouldrepresentanisolatedcruci-
formtailwithsupersonicleadingedgesundergoingvariousmotions.
Problemsofthistypehavebeensolvedinreferences11 and12. The
axesarechosensothat y = O and z = O arethedisturbingplanes
(seefig.8). When y and z arepositive,equation(18)becomes

(55)

ThesurfaceS1 hasbeentakentobe thedisturbingsurface;thus,S3
isthepartofthe y = O plane(z positive)boundedby the z = O line
inthe y = O planeandtheforwardMachconefromthepoint(x)y,z).
Similwly,S4 isthepartofthe z = O plane(y positi~e)boundedby
the y = O lineinthe z = O planeandthetraceoftheforwardMach
conefromthepoint(x,y,z) (seefig.9).

Theassumptionismadethat ~(~,o+,!)ad ~(~,%o+~

The%te~al~~o~mandthat @(~,O+,~)and @(?,T,O+)
taining@(~,O+,~) and @(~,q,O+)canbe eliminatedby severalappli-
cationsofequation(46). Equation(46)is appliedtothevolumeon
theleft-handsideofthe y = O planeenclosedby theforwardMach
conefromthepoint(xjy,z),the y = O plane,the z = O plane,and

.

*

,,
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anarbitrarysurfaceupstreamof
resultof applyingequation(46)

29

thedisturbance(seefig.10). The
to thisvolumeis

ThesurfaceS1 hasbeentaken

J

tobe the
the z = O plane(y negative);thus,S5
z = O planeintheforwardMachcone.from
Addingequations(55)and(56)yields

RJ

y = O plane(z positive)and
isthepsrtofthe
thepoint(x,y,z)(seefig.10).

Thepotentialfunction

where a ispositive.

R~

d’(~,q,[)iS chosensothat

@’(~,-a,!)=~(~,a,~)

Inthiscase,

w.@22=2wAQ-
ti-h

(57)

...—— —.-. —-- ...—- — -—-— .—.— ..— — . —.-—— .–—--
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andequation(57)reducesto

NACATN 2641

.

da (58)

Since @’(~,q,C)isrelatedto @(~,~,{)theO~Y ~o~ inthe
precedingequationis @(5,q,0+).TheregionofintegrationS~
becomesthepsrtofthe z = O plane(Z negative)intheforwardMach
conefromthepoint(x,y,z)obtainedby reflectingthedisturbingsurface
inthe z = O plane(z positive)throughthe z = O plane(see
fig.lo).

.

Theproblembeingconsideredisoneinwhichthenormalderivatives .
ofthepotentislfunctionsrelmownontwoplanesparalleltothex-axis
andsreintersectingatrightangles.Thepoint(x,y,z)hasbeen
restrictedtopositivevsluesof y and z. Forthepresent,consider
theproblemoffindingthepotentialabovethe z = O planewhenthe
derivativeofthepotentialfunctionwithrespectto z isknownon
the z = O plane,thederivativeofthepotentialfunctionwithrespect
to y is discontinuousacrossthe y = O plane,andthepotenti~iS
zeroa finitedistanceupstresmof a givenpoint.Fromequation(22),
thepotentislforthisprublemisgiven

(59)

where So isthepartofthe y = O planeabovethe z = O line
insidetheforwardMachconefromthepoint(x,y,z),and S1 isthe
partofthe z = O planeinsidetheforwardMachconefromthe
point(x,y,z).Forpositivevaluesof y and z

,.
e~ation(59)reduces

“

—. _—. —.. —— —- —.
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,.

.

.

to e ation(58)if @’(~,q,O+) isassumedtobe thetruevalue
of ?7E,ll,o+)when q isnegative.
@(~,v,~wasnotdefinedwhen q

Sinceintheoriginalproblem
wasnegative,nothingisviolatedif

itis nowdefinedasbeing @’(~,q,~)intheregionwhere o isnega-
tiveand ~ ispositive.Theprobleminwhichthenormalderivative
ofthepotentialfunctionisknownontwoplanesparalleltothex-sxis
andintersectingatrightangleshas,therefore,beenchangedtothe
probleminwhichthederivativeofthepotential.hasa knowndiscon-
tinuity,acrossthe y = O plane(z positive)andthenormalderivative
ofthepotentialisknownonthe z = O plane.Notethatthepoten-
tialfunctionstillremainsundefinedbelowthe z = O plane.

Sincethepotentialfunctionisundefinedbelowthe z = O plane,
it can
metric
the z

yields

nowbe definedsothattheresultingpotentialfunctionis sym-
withrespecttothe z = O plane.Definingthepotentialbelow
= O planesothat

@(~,qja)=d(~,q,-a)

thedesiredsymmetry.Theresultofapplyingequation(46)to
theregionbelowthe z = O planeinsidetheforwardMachconefrom
thepoint(x,y,z)is

(60)

where S6 isthepsrtofthe y = O plane(z negazive)insidethe
forwardMachconefromthepoint(x,y,z).In applyingequation(46)to
theregionbelowthe z = O plane,thesurfaceS1 hadtobe folded
overthepartofthe y = O plane(z negative)acrosswhich ~/~
wasdiscontinuousinordertobe ableto applyequation(46)tothis
region.Equations(58)and(60)canbe combinedtoyield

(61)

.
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Equation(61)containsonlyintegralsof
is.therefore,thesolutiontotheproblemof

NACATN 2641

tiownexpressions,andit .

twoplanesintersecting,
atrightangl.=sparallelto thex-axiswherethenormalderivativeof
thepotentialfunctionisknownonbothplanes.Figure11 showsthe
crosssectionofthedistributionofvelocitynormaltothesurfaces
fora problemasrepresentedbyequation(55)anditssolutionas given

by equation(61).Notethat ~) (q negative)in S5 iS the1P0s
(TI positive)acros”sthe ~ = O lplane

negative)is-thereflectionof

acrossthe &j= O plane.Thiscondi-
tion-”&ggeststhattheresultgivenbyequation(61)couldalsobe
obtainedby utilizingtheconceptofreflectingsurfaces.

Themathematicalderivationrequiredforfindingsolutionsto
problemsconsistingoftwoplanespsrallelto thex-axisintersecting
atvsriousanglescanbe reducedbymakinguseoftheconceptofthe
reflectingsurfaces.Forthisreason,theresultgivenbyequation(61)
isobtainedby useofreflectingsurfaces.Thepotentialfunctioncan .

be sepsrated~ntotwoparts,~1 and $$2,satisfyingthefollowing
boundaryconditionsonthedisturbingsurfaces: .

a~l(E,TI,o+)
a, “W

a~l(~,o+,c)

~=o

a@2(~,q,0+)

a! ‘0

ad2wo+,c)
-=3V’W

.
A crosssectionoftheseboundaryconditionsis showninfigure12.

Onlythepotentialfunction@l istreatedindetailsincetheboundary
conditionsfor @l and @2 we oftheS= me. Theno- deriva-
tiveof @l is zeroonthe TI= O plane;thus,the q = O planecan
be consideredasa reflectingplane.Thepotentialfunction@l h,

therefore,thepotentialresultingfroma distributionof
v’

whichis symmetricwithrespecttothe q = O lineandhasthevalue

..—. ———
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of - ac when q ispositive.Figure13 illustratessucha
distribution.Theproblemoffinding@l hasbeenreducedto a planar
problemwhichcanbe solvedby useof equation(~).

Equation(50)wasobtainedby definingthepotentialbelowthe
z = O planesothatthetotalpotentialfunctionwassymmetricwith
respecttothe z = O plane.Thisresultcausedthederivativeofthe .
potentialfunctionwithrespectto z tobe antisymnetricwithrespect
tothe z = O plane.Figure14 illustratesthedistributionofthe
normalderivativeofthefunctionacrossthe z = O plane.Theprobl~ “
ofevaluatingthepotentialfunction~1 hasbeenreducedto a planar
problem.,Similsrlyjtheproblemof evaluatingthepotential.function@2
canbe reducedto a planarproblem.Figure15illustratessucha pro-
cedure.Theoriginalpotentialfunctionisthesumof @l and @2.
Equation(61)followsfromtheprecedingresultsfor #l and @2. ‘The
additionof @l and @2 isillwtratedbyfigure16.

.

I

Theconceptofreflectingsurfacesisnowutilizedtofindthe
potentialresultingfromtwodisturbingsurfacesparalleltothex-axis
andintersectingat anangleof 45°. Theaxisis chosensothatthe
x-axisliesalongtheintersectionofthedisturbingsurfacesandone
ofthedisturbingsurfacesliesinthe z = O plane.(seefig.17).
Thepotentialfunction@ is itivide”dintotwoparts,@l and @2. The
boundaryconditionson @l ~d @2 aresimilartothecorresponding
potentialfunctionsusedforthedisturbingsurfacesintersectingat90°.
Figure18 illustratestheboundaryconditionsfor ~1 and 9$2.The
surfacesonwhichthenormslderivativeof @l iszerocanbe con-
sideredasa reflectingsurface.Thisconsiderationleadstothesame
distributionofthenormalderivativeof @l onthe q = O planeas
isgivenonthe L= O plane.Figme 19 illustratessucha distribu-
tion.Theproblemof finding@l fortwodisturbingsurfacesinter-
sectingat 45°hasbeenreducedto a problemoftwosurfacesinter-
sectingat90°. Thesolutionof @l canbeobtained’fromequation(61).
Figure20 showsthesurfacesacrosswhichthenormalderivativeof @l
isdiscontinuous.Since~1 and @2 havethesametypeofboundary
conditions,then @2 hasa solutionas illustratedinfigure21. The
originalpotentialfunction~“ isthesumof @l and @2;therefore,
@ canbe foundby consideringsurfacesofdiscontinuityas illustrated
infigure22. Thepotentialfunction@ canbe evaluatedby useof.
eqmtion(22),becauseno surfacesacrosswhich @ isdiscontinuous
existandthevaluesof A a@/&h areknownacrossallsurfacesof
discontinuity. .

Anothersimplecaseoftwodisturbingsurfacesparalleltothe
x-axisoccurswhenthesurfacesintersectatan angleof600. The
potentialfunction@ is dividedintotwoparts,@l and ~2. The.
boundaryconditionson @l and @2 sresimilarto thecorresponding

I
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functionsusedpreviously.Figure23 showsa crosssectionofthese .
boundsryconditions.I&useof a reflectingsurface,thefunction@l
canbe representedby theboundaryconditionsas shownin figure24.
Thefunction@l isundefinedfor240°ofthetotslanglearoundthe
X-sxis. Thefunction@l isdefinedas showninfigure25. Sinceno
surfacesexistacrosswhich ~1 is discontinuous,thefunction~1
canbe evaluatedbyusingequation(22).Similsrly,@2 canbe defined
as showninfigure26. Thesunof 91 and @2 isillustratedby figu-
re 27. Thepotentialfunction@ canbefoundbyusingeqyation(22).

Intheprecedingparagraphs,methodshavebeenfoundfordeter-
miningthepotentislresultingfromtwoplanedisturbingsurfaces
psrallelto thestresmdirectionintersecti~at certainangles.The
samemethodcanbe usedto findmethodsfordeterminingthepotential
resultingfromtwoplanedisturbingsurfacesintersectingatvarious
otherangles.

ROLLINGTAILSWITHMUITIPIERECTANGULARFINS

Themethodsderivedintheprecedingsectionareusedto findthe .
surfacevelocitypotential,thepressuredistribution,andthedamping
inrollofrollingtailsconsistingoffour,six,andeightrectangular
fins. Forcomparison,thesesamequantitiesarealsopresentedforthe

.

planartailconfigurationsconsistingofoneandtworectangularfins.
An illustrationofthetailstreatedis showninfigure28. Theanalysis
islimitedto tailconfigurationshavingsurfacesofvanishinglysmall
thicknessandofzerocamber.Theinvestigationis alsolimitedtothe
rangeofMachnumbersforwhichtheregionofinterferencebetweenthe
adjacentfinsdoesnotaffectthefintips.

TailConsistingofOneFin

Thepressuredistributionandthevelocitypotentialonthesurface
ofrollingtailsmadeup of oneandtworectangularfinscAnbe obtained
fromtheresultsofreference13. Thepressureandpotentialforthe
tailconsistingofonlyonefincanbe foundby transformingtheaxis
ofrollofthetailconsistingoftworectangularfins.

Thetailconsistingofonefinisdividedintoregionsas shownin
figure29(a).Thevelocitypotentialonthesurfacefacingthenegative
y-direction’isgivenby:

-—. —. .— . —— - _. ____ _ —.—_. —_ _. . —.
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,

.

I
I

1

ForregionI,

(62~)
ForregionII,

ForregionIII,

ForregionIV
regionI plus
regionII),

—

@(x,z) =:

The

For

—

r

(62b)

(62~)

(notethatthepotentialinregion~ isthepotenti~in
thepotentialinregionIIIminusthepotentialin

pressure-differencecoefficientis
/

regionI,

givenby:

.—
I —

—

regionII,

.

(62d)

(63a)

(63b)

I
. . ..— —--- -——--— .- .--—— ..-—. — .—. —— ___ ____ ._ .— —-— ___ _.. ___._ .__. ,.._. _-a_.. .._-_



—

36 ~NACATN 2641

ForregionIII, .

\

ForregionIV,

[Sfn-lJ~-+z*ill-l~+

(63~)

TailConsistingof~0 Fins

Thetailconsistingoftwofins(fig.29(b))hasthesamepotential
andpressuredistributionasa rectangularrollingwingandcan,there-
fore,be obtainedfromtheresultsofreference13. Foreachtailcon- ,
sistingoftwofinstividedintoregionsas showninfigure29(b)the .

pressureandpotentislinregionsI andII arethesaneasthepressure
andpotentialsinthecorrespondingregionsfortailsconsistingof one
fin.

.

Eachfinof
regionsas shown

. regionsI andII

TailConsistingofFourFins

thetailconsistingof fourfinsisdividedinto
infigure29(c).Thepressureandpotentialsin
me thesameasthepressureandpotentialsinthe

correspondingregionsfortailsconsistingof eith-&oneortwofins. I

The regionsIIIandIV are.affectedby theinteractionbetweenadjacent \
fins.ThepotentialinregionIV ismadeup of a conibinationofthe ,
potentialsofregionsI,II,andIII.

#
Thus,theonlyrealp~oblemis

thedeterminationofthepotentialinregionIII.
.

ThepotentialinregionIIIisnotaffectedlythetipandis,
therefore,thesamepotentialaswotidbe obtainedifthefinswere
infinitelylong.Withthecoordinateaxeschosenas shownin figure28(c)
thepoint(x,y,z)isrestrictedtovaluesof y whichsrenegative
whilethevaluesof z arerestrictedtopositivevalues.Notethat
fora tailwithfinitelylongfi~, thepotentialata point(x,y,z)
intheregionofinteractionis independentofthedisturbancesproduced

~,

atpointslocatedsothattheirprojectionontheyz-planedoes’notlie
inthesecondquadrant.Thegeneralmethodpreviouslyderivedfor
findingthepotential.resultingfromtwoplanesurfacesintersectingat

.

.

—... —
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ri’ghtanglescanthusbe-usedtofindthepotentialinthe>artofthe
re~on of interactionwhichisnotaffectedby thetip.

Thevelocitycomponentnormaltothefininthe z = O planeis
givenby,

@zkY,o+) = -py
.,

.
andtheyeloci~componentnormaltothefininthe y = O planeis
givenby

$&o-,z) =p; “

Figure30 illustratesthistypeofnormal-velocitydistribution,and
figure31 illustratesa crosssectionofthesurfacesofnormal-veloci~
discontinuity,whichpreviousresultsshowcanbeusedto obtainthe
potentialinthepartoftheregionofinteractionwhichisnot
affectedby thetips.

Notethatinfigure32thediscontinuityinthenormalvelocity
acrossthe z = O planeisthesametypeasthediscontinui~inthe
Y = O plane.Thusjifthepotentialresultingfromthistypeof Ms2
continuity(seefig.32)islmown,thenthepotentialres,yltingfrom
anyconibinationofdiscontinuitiesofthistypecan-befound.The

i- potentialforthistypeofdistributionisdenotedby@O. Bytheuse, of cylindricalcoordinates,as shownin figure32,thepotentialatthe
point(x,p,e)canbeexpressedintermsof do by.

@(x,P,@ =@o(x,P,f3)-h(x,p,e -~] (64)

1

)

Equation(64)followsfromfigures31 and32.
I

Thepotentialfunction@n wasevaluated1
I
!, andisgivenby:

byuseofequation(SO) “

+’ jwyl - 2 cos%)ln’

X+h

2xppcose sin-l
(J#&&-J -

2f12p2cose sine tan-l
-(/—]

x cOte

y? - B2P2

+

(65a)

I
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.

@&P,@ ‘-
[

~ ‘P.+ ‘2P’(’-2 c“s’e)in

.

(*

2xflpcose sin-l ‘
pp Cose

)

+
2_ ~’p’sin%’

“h+

(r]-1 x cote2j32p2sinElcosL9tan
2 _“P2P2

(@I)

~om eqyations(64)and(65),thepotentialfunctionintheregion
ofinteraction,whichisnotaffectedby thetips,is givenby the

followingequationfor

r
L

r

+

I

(2f12p2cos19sine tan
_l XIcotel - tan-l xltanel

#m m ’66)

ThepotentialinregionIIIofthefinsurfaceisa specialcase

-( )
13= ~ oftheprecedingequation.ThusjthepotentialinregionIII

isgiven(inCartesiancoordinates)by

(@(x,O-,z)=*xsin-l~-~zln ‘z@
r)

(67)x
X+x’ -p’z’

/

,

.

——. ..— — .— .—-
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Fromequation(67)thepressure-differencecoefficientisfound
‘ tobe

.

(68)

As previouslystated,thepotentislinregionIV (seefig.29)is
a combinationofthepotentialsinre~onsI, II,andIII. Assumethat
thefinsareinfinitelylong. Inthiscaseonlytworegions(IIandIII)
existsinceregionsI andIVme affectedby thetip. Theeffectofthe
tipcanbe takenintoaccountby addinga potenti~whichhaszero
normalvelocityonthefinandthenegativeofthepressureofthe
infinitefinintheplaneofthefinoutboardofthetip. Thevalue,of
sucha potentialonthefinisgivenby thedifferencebetweenthe
potentialofregionI andthepotentialofregionII. (Thispotential
isonlytheeffectofthetipona semi-infiniterollingwing).Thus,
thepotentialinregionIV isthepotentialinregionIIIplusthedif-
ferencebetweenthepotentialofregionI andthepotentialofregionII.
MathematicallyjthepotentialinregionIV isgivenby

r /!!E&-z
@(xjo-)z) =~-~cOS-l~+~sin-l x -

1- ,

.

(69)

IYomequation(69)thepressure-differencecoefficientisgivenbyrACp= 8$-zCoS-’g + z sin-’J“{-] (70,
L

TailCoqistingof SixFins

Thepressureandpotentialsonthesurfaceofthetailconsisting
of sixfinscanbe obtainedina mannersimilartothatusedforthe
tailconsistingoffourfins.Thepressureandpot~ntialsinregionsI
andIIwe thesameasthepressure~andpotentialsinthecorresponding
regionsfortailsconsistingofone,two,orfourfins.RegionsIII
andIV sreaffectedby theinteractionbetweenadjscentfins.The
potentialinregionIV ismadeUp ofa combinationofthepotentialin
regionsI,II,andIII;therefore,themainproblem,as forthecaseof
fourfins,iBthedeterminationofthepotentialinregionIII.

I

_——. -. _——--_ —.... ~.. —-—. .——-. — -——- -—. —— — - -- —-— --------- ---— -—.---— -- -—- -’
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ThepotentislinregionIIIisthesameasthepotentialfora .

tailconsistingof sixinfinitelylongfins.Theinducedvelocities
normsltotwooftheplanesofthefinsareillustratedinfigure33.
Fortwoplanesurfacesparalleltothestreamdirectionandinter- ~
settingatanangleof60°,thepotentialinregionIIIcanbe obtained
by a distributionofdiscontinuitiesinveloci~as illustratedinfig-
ure34. NotethatthepotentislinregionIIIcanbemadeup ofa com-
binationofthepotentialsfroma velocitydiscontinui~as shownin
figure35. me potentislfromthisme of discontinuityisdenoted
by @O. By useofcylindricalcoordinatesas showninfigure35,the
potentialatthepoint(x,P,O)canbeexpressedintermsof @o by

) @(@(x,P,e) x,P,e-; -oxjp,e. -; := $0( ) $(o “p’e +:) (71)

Equatiori(71)followsfromfigures34 and35.
.

Thepotenti~”function@o wasevaluatedby useofequation(50)
andisgivenby thefollowingequationfor o~e =YC:

ffo(x,wo

Fromequations(71) and
ofinteraction,whichisnot

=-PP cose’
B (x - 13psin13) (72) -

(72)thepotentialfunctionintheregion ~
affectedby thetips,is givenby the

followingequationfor ~~e ~~:

@(x,P,e)= <[E(1 - 12 c0p2e) + 2 cos e sine (73)

ThepotentialinregionIIIofthefinsurfaceisa specialcase

()e = ~ ofequation(73).Thepotentialinthisregionisgiven(in
Csrtesiancoordinates)by

,,.

ff(x,o-,z) = q (74)

l%omequation(74)thepressure-differencecoefficientinregionIII
isfoundtobe zero.

.
ThepotentislinregionIV isa combinationofthepotentialsin

regionsI,II,andIII;thiscar-beshowninthesamewayasthepoten-
tislinregionIV ofthetailconsistingoffourfinswasshowntobe a
combinationofpotentialsfromotherregions.Specifically,the

.

.
. — . .
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potentialinregionIVforthetailconsistingof sixfinsis-the

\

.

,

.

potentialinregionIIIplusthedifference
regionI andofregionII. Mathematically,
isgivenby

@(x,o-,z)=

Fromequation(75)

f-

r

betweenthepotentialsof
thepotentialinregionIV

p
f+z

x-

(75) ‘
4

thepressure-differencecoefficientisgivenby

L

TailConsistingof

/m!
EightFins

(76)

Thepressureandpotentialonthesurfaceofthetailconsisting
of eightfinscanbe foundby utilizingthepotentialfunctions@o
usedin findingthepressureandpotentialsonthesurfaceofthetail
consistingoffourandsixfins.Thepressureandpotentialsin
regionsI andIIarethesameasthepressureandpotentialsforthe
correspondingregionsoftheothertails.ThepotentialsinregionsIII,
IV,V, andVI (seefig.29(e))areaffectedlytheinteractionbetween
adjacentfins.SincethepotentialsinregionsV andVIarecombinations
ofthepotentialsintheremainingregiom,themainproblemisto find
thepotentialsinregionsIIIandIV.

ThepotentialsinregionsIIIandIV arethesameasthepotential
fora tailofeightinfinitelylongfins.Theinducedvelocitynormal
totwooftheplanesofthefinsis illustratedinfigure36. l?romthe
resultsfortwoplanesurfacesintersectingat anangleof 45°,the
potentialsinregionsIIIandIV canbe obtainedbya distributionof
discontinuitiesinvelocityasillustratedinfigure37. Thepotential
resultingfromthedistributionofdiscontinuitiesinvelocityas
illustratedinfigure37 canbe obtainedfroma distributionof dis-
continuitiesaspossessedby thepotentialfunctiondo usedin con-
nectionwiththefour-finnedtail.Thepotentialfunction#o usedin
connectionwiththefour-finnedtailwasevaluatedonlyintheregion
affectedby therootsectionsofthefins.Forthecaseoftheeight-
finnedtail,interactionoccursbetweenadjacentfinsinregionswhich ,
srenotaffectedby therootsectionsofthefins.
tion $0 ofthefour-finnedtailintheregionnot

Thepotentialfunc-
affectedbytheroot

I

_..._——
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sectionmustbe known.In thisregion,thepotentialfunctionsjl$
forthefour-andsix-finnedtailsarethesame.

Fromfigures32and37 thepotentialfunctionintheregionoffin
interactionwhichisaffectedlytherootsectionsofthefinsis,

for ;~e <3*– ~>

(77)

where @o isgivenbyequations(65).

Thepotentialinthepartoftheregionof interactionwhichis
~ffectedbytherootsectionis (fromequations(65)and(77)),

for ~~e ~~,

{

@(xjP,e)=-~-x cOse sin-l
j3Pcose +
- j3202sin2e

()
(13pc0se-#

x cose - ~ sin-1
4

()
f+?pa sin2 e - ~

x sinO sin-1

() (), fmcOse+~
xcose+~ sin-1

4

(1
- f12p2sin2e + ~

[

BP sine cos19tan-’M + tan-’ 1Xlcot(e+;)1

w v-

yl -

[

2 c0s2e) tan-l
xlcOt(e-~)

!l

I+tan-l+++a
ml==

(78)

.

.
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()ThepotentialinregionIIIis a specialcase e = ~ of eqya-

(78).Setting@ =; in”equation(78)yields(inCartesian

coordinates)

(@(x,O-,z)=~xsin-l ~-x&sin-lx
+ ‘ ‘z‘an-’a

Fromequation(79)thepressure-difference
be givenby

(79)

coefficientisfoundto

8PZ

(

sin-l& -
~P’~ x

‘sic’ ti)

(80)

By inspectionof figures(35)and(37)theWtentialfunctionin
theregionoffininteraction,whichisnotaffectedby therootsections

ofthefins,is,for ;ge< = 3$,

( ) @(@(x,P,e) =!L+WM)+ft)wv -; - 0X,P)6 -; - Ox,p)e-+) @( )
(81)

where @o is given~”equation(72).Substitutingequation(72)into
equation(81)yields(rememberthat @O is zeroupstreamoftheMach
conefromthey-axis),for ;ge<jfi= ~,

PP2 COSe sinf3- <(1 - 2 sin20)-

[

‘P(sin(l- cos19)O;if x<—
P2!L(COS 0 + sinO)

B@

“l-
-~(sine - cose);if x>~(sine - cosO)

‘K E

[

O;if x<~p sine

?
cose

x- 1lbshe;if x >j3psine
(82)

.. —.— —. -—. ...— —— —-— ——— --..— ——-
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()ThepotentialinregionIV }sa specialcase 19= ~ ofequa- .
tion(82).Settinge = ~ inequation(82)yields(inCartesian

coordinates)

(83)

Fromequation(83)thepressure-differencecoefficientisfoundto .

be givenby

ACP=*(l+) (84)

ThepotentialinregionV isthepotentialinregionIVplusthe
differencebetweenthepotentialinregionI andthepotentialin
regionII;thus,fromequations(62a),(62b),and(83),thepotential
h regionV isfoundtobe givenby

Fromequation(85)thepressure-differencecoefficientisfoundto
be givenby

L 4
ThepotentialinregionVI isthepot~ntialinregionIIIplusthe

differencebetweenthepotentialinregionI andthepotentialin
regionII;thus,fromequations(62a),(62b),and(79),thepotential
inregionVI isfoundtobe givenby

[

@(X, O-,Z) .=-X COS-l~-xlJZsiIl-l@ x v+-+&

. j3ztan-l

(
f32x ‘——_
3P

P_l+z

&+”sin-x -
_:)J“j

.

(87)
.

,
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.

Fromeqpation(87),thepressure-differencecoefficientin
regionVI isfoundtobe givenby

(88)

A

DiscussionofResultsforRollingTails

Illudrativeplotsofthechordwiseandspanwisepressuredistribu-
tionsacrossonefinfortailswithvariousnumbersoffinsareshown
infigure38. Figure39 showsillustrativeplotsofthespanwiseloadings
ononefinfortailsmadeup ofvariousnunibersoffins.

Thepotentialfunction@o usedinfindingthepressuresand
potentialsforthetailsconsistingoffour,sfx,andeightfi~ co~d
be usedinfindingpressuresandpotentialsfortailsconsistingof any
evennumberoffinsprovidedthattheregionof interactionbetween
adjacentfinsdoesnotaffectthetip. Therestrictionontheregion
ofinteractioncausestherangeofvalidityto decreaseasthenumber
offinsisincreased.Therangeofvalidi~couldbeextended,however,
by useof a pressureorpotentialcancellationmethodsuchasgivenin
references14 and15.

Fromthepotential,thedampinginrollperfinwascalculated.
TableI presentstheresultsofthesecalculations.Figure40presents
thevariationofthedampinginrollperfinwith A~ fortailsmade
up ofvariousnumbersoffins.Fora givenMachnumber(P const~t),
figure40showsthevariationofthedsmpingwithaspectratio.Fig-
ure41presentsthevsriationofthedampinginrollperfinwithMach
nuniberfortailsconsistingofvariousnumbersof finswitha finaspect
ratioof1.5.

LangleyAeronauticalLaboratory
NationalAdvisorgCommitteeforAeronautics

LangleyField,Vs.,October25,1951

.

I
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TABLEI

DAMPING-IN-ROLLCOEFFICIENTPERFIN

*

Numberof PC1P perfin Valid
fins for

1 l+4Af3- 24A2P2+ 32A3~3 A~~l
24A3P3

l+8Ap - 48A2$2+ 64A3P3
2 AB~$

48A3~3

4
-&[$+ &(’+ 8AP- ‘A’$’+ “A3~31 ‘p>’

6 -&[++ &(l+8A$ - ‘A2~2+ 6~3~3[ %$

8
[

441
(

~l+8Ap -
‘—- —-~+ 192

48A2~2i-64A3P3
A3~3 9X ] A$, ~

.

.
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Figurel.-Crosssection

.

z

\

oftheregionofintegrationusedin connection
withequation(9).
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Y,Z
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Figure2.-Cross

/

sectionoftheregionofintegrationusedin
withequation(14).
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b

.

.

x

\

Figure3.-A crosssectionoftheregionintheforwardI%chconefrom
thepoint(x,Y,z)showingthesurfaceS1 envelopinga surfaceof
discontinuityS.
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Figure4.,-Crosssectionof

withthe
theregionofintegrationusedin connection’.
potentialfunction~~.
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.

.

.

.

(a)Subsonicelementwithin ‘ (b)Brokenlinereplacing
infinitesimalstrip. lineelement.

Figure~.-An illustrationofa methodofreplacinga subsoniclineele-
mentwitha brokenlinemadeup of supersonicsegments.

0ound7rtes of
m7n#esrna/ shfp

I/ne

(a)Wingwithsubsonicedge. (b)Lineelementata
subsonictrailing

breakina
edge.

(c)Possibledistortionofa subsonictrailingedgeat a breakin a sub-
sonictrailingedge..

Figure6.- Methodsofdistortinga subsonictrailiqgedgetodeterminethe
potentialfunctionuniquely.
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(a) !Cheforward Mach cone from a point on the upper surface of a rectangukr
body.

Figure7.- Rectangdar body parallel to free-stream direction.
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,DEFLECTED AREA

/’

Y=Y2

(b)Bottomviewofrectangularbodywithdeflected
surface.

“

.

-

areaonthelower

—FORWARD MACH CONE

~~“Jx,y,z)
I
1’I

/1
//[

4

(c)Sideviewofrectangular

L LDEFLECTED AREA

INTERSECTIONOF THE FORWARD
MACHCONE WITH THE SIDE OF
THE BODY

bodyandtheforwardMachconefromthe
point(X,y,z).

Figure7.- Concluded.
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Figure8.- Two disturbing titersectMgat rightangles.
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(’Distu13ing
surface

(Y=Oplane)

point(X,Y,Z)
/

~Y

Disturbing
surface (2=0 plane)“

Figure9.- Regionsofintegrationforequation(s~). T

.
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\\
‘1

-i~

\

Reflectionof the
disturbingsurface
in the Z=Oplanes
throughtheY=Oplanes Y

\

Disturbing
surface

(}’=0plane)

—Mach cone
fromthe

point(X,y,Z)

\

x

Figure10.-Regionsofintegrationforequation(5.6).
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Y

(a)Originalproblem(equation(s~)).

Y

(b)Solutiontoproblemas givenby equation(61).

Figure1.1.- A crosssectionofthedistributionofthevelocitycomponent
normaltothe z = O.andthe y = O planesrepresentedby equations(SS)
and(61).
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.
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Figure
the

12.- A cross

+
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sectionofthedistributionofvelocitv
disturbingsurfacesforthepotentialfunctions$,”

I

z
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I Y

I

z

e
?7?+ftl1~

“Y

Figure13.- !& reductionof ~ toa pla~r problem.

I
z-

. .

FigureU.- Thenorml derivativeofthepotentialfunctionacrossthe
z = O planeobtainedby applyingequation(s0)toa planarproblem.

.—._



.

I

I

I
I
I

z z

LY

Figure l~. - An illustration of the reduction of to a plamr problem.
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Figme 16.- An ill~tiation
of theadtition of 91 and 92.
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Disturbingsurfaces

Figure17.-Position

.

\ Velocity distribution

ofcoordinateaxesfordisturbingsurfaces
intersectingat 45°.
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Figure18.- A crosssectionofthevelocity
surfacesforthefunctions$1 and p~
intersectingat 45°.

distributiononthedisturbing
forthedisturbingsurfaces
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Figure19.-Reflectionofthenorml derivativeof $1 onthe

Y =0 plane.
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Figure20.-A crosssectionof thesurfacesofdiscontinuitywhichcan
be usedtoevaluatethepotentialfunction% fortwo‘surfaces
intersectingat 45°.
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Figure 21.- A cross section of the surfaces of discontinuity which can
be used to evaluate the potential function $2 for tuo plane6
intersecting at 45°.
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Figure 22.-Iheaddition of ~ and
tion $ for two surfaces

$2 to obtain the potential func-
titersecting at 45°.
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Fiw.9 23.-A crosssection of the boundary conditions of the functions 91
and 92 for two disturbing smfaoes interaeoting at 63°.

Figure ~.- ‘Ike reflection of 91 tbugh one ~face.
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Figure25.- A methodofdefining91 soas toe~te discontinuities
inthepotentialfunction.
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Figure26.- A methodofdefining$2 soas toeliminatediscontjnuities
inthepotentialfunction.
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(A) ONE FIN.

x
(C) FOUR FINS.

(B) TWO FINS.

42

(D) SIX FINS.

(E) EIGHT FINS.

Figure28.- Types oftailstreated. v
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(a)Onefin.
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(c) Fourfins.
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(b)Twofins.
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‘\ -z LI/Mach Iln@from

\ adJucenf fin
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(d)Sixfins.
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I I Mach hnefrom

___ ..~ach ihe..s .

(e)Eightfins.
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Figure29.-Regionsofsimilardisturbancesfortailsconsistingof
rectangularf-.
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Figure30.- A crossSectionofthe
normal-velocitydistributionon
twoplanesurfacesrepresenthg
theregionof interactionfora
rollingtailwithfourfins.

Figure31.- A crosssectionofthe
velocitydiscontinuitydistribu-
tionusedto findthepotential
in partof theregionof titer-
actionfora tailof fourfins.
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Figure32.- A crosssectionofthevelocitydiscontinuitydistribution

associatedwiththefunction$0 fora tailwithfourfins.

.-.—— ——- ____ .—.——- — —. — .-.—— -—.. .— —



72 NACATN 2641

A= .

-,

L
*

I 0
Y

Figure33.- A crosssectionofthe
velocitydistributionnormalto
theplanesoftwoftisofa
rollliqgtailconsistingof six
fm .

Y

Figure3.!I.- A crosssectionofthe
velocitydiscontinuitydistribu-
tionusedto findthepotential
in partof theregionof inter- “
actionfora taflof sixftis.
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Figure3s.- A crosssectionofthevelocitydiscontinuitydistribution
associatedwiththefunctionPO fora tailof stifinS.
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Figure36.- A crosssectionoftheno-l velocityinducedontheplanes
oftwofinsofa rollingtailconsisttigof eightfins.

Y

Figure37.- A crosssectionofthevelocitydiscontinuitieswhichcanbe
usedtoobtainthepotentialin theregionofinteractionbetween
adjacentfinsfora tailconsistingof eightfins.
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FiguR 38.- Chordwise and apanwlse pressure distributions on a f h of
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Figure 39.- Spanwise loading
of @ for tails

on a fin of aepect ratio 1.5 at a Mach number
conaiating of rectangular firm.
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Figure Q.- An illustrative variation of Ctp per fti
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